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ON p-ADIC INTERPOLATING FUNCTION ASSOCIATED WITH
MODIFIED DIRICHLET’S TYPE OF TWISTED q-EULER
NUMBERS AND POLYNOMIALS WITH WEIGHT α
SERKAN ARACI, MEHMET ACIKGOZ, AND HASSAN JOLANY
Abstract. The q-calculus theory is a novel theory that is based on finite
difference re-scaling. The rapid development of q-calculus has led to the dis-
covery of new generalizations of q-Euler polynomials involving q-integers. The
present paper deals with the modified Dirichlet’s type of twisted q-Euler poly-
nomials with weight α. We apply the method of generating function and p-adic
q-integral representation on Zp, which are exploited to derive further classes
of q-Euler numbers and polynomials. To be more precise we summarize our
results as follows, we obtain some combinatorial relations between modified
Dirichlet’s type of twisted q-Euler numbers and polynomials with weight α.
Furthermore we derive witt’s type formula and Distribution formula (Multipli-
cation theorem) for modified Dirichlet’s type of twisted q-Euler numbers and
polynomials with weight α. In section three, by applying Mellin transformation
we define q-analogue of modified twisted q-l-functions of Dirichlet’s type and
also we deduce that it can be written as modified Dirichlet’s type of twisted
q-Euler polynomials with weight α. Moreover we will find a link between
modified twisted Hurwitz-zeta function and q-analogue of modified twisted
q-l-functions of Dirichlet’s type which yields a deeper insight into the effec-
tiveness of this type of generalizations. In addition we consider q-analogue of
partial zeta function and we derive behavior of the modified q-Euler L-function
at s = 0. In final section, we construct p-adic twisted Euler q-L function with
weight α and interpolate Dirichlet’s type of twisted q-Euler polynomials with
weight α at negative integers. Our new generating function possess a number
of interesting properties which we state in this paper.
1. Introduction, Definitions and Notations
p-adic numbers and L-functions theory plays a vital and important role in math-
ematics. p-adic numbers were invented by the German mathematician Kurt Hensel
[1], around the end of the nineteenth century. In spite of their being already one
hundred years old, these numbers are still today enveloped in an aura of mys-
tery within the scientific community. The p-adic integral was used in mathematical
physics, for instance, the functional equation of the q-Zeta function, q-Stirling num-
bers and q-Mahler theory of integration with respect to the ring Zp together with
Iwasawa’s p-adic q-L functions. A p-adic zeta function, or more generally a p-adic
L-function, is a function analogous to the Riemann zeta function, or more general
L-functions, but whose domain and target are p-adic (where p is a prime number).
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For example, the domain could be the p-adic integers Zp, a profinite p-group, or a
p-adic family of Galois representations, and the image could be the p-adic numbers
Qp or its algebraic closure. For a prime number p and for a Dirichlet character de-
fined modulo some integer, the p-adic L-function was constructed by interpolating
the values of complex analytic L-function at non-positive integers. In this paper
our main focus will be on p-adic interpolation of modified Dirichlet’s type of twisted
q-Euler polynomials with weight α. Actually interpolation is the process of defin-
ing a continuous function that takes on specified values at specified points. During
the development of p-adic analysis, researches were made to derive a meromorphic
function, defined over the p-adic number field, which would interpolate the same or
at least similar values as the Dirichlet L-function at non-positive integers. Finding
the interpolation functions of special orthogonal numbers and polynomials started
by H. Tsumura [29], and P. T. Young [34], for the Bernoulli and Euler polynomials.
After Taekyun Kim and Yilmaz Simsek, studied on p-adic interpolation functions
of these numbers and polynomials. L. C. Washington [30], constructed one-variable
p-adic-L-function which interpolates generalized classical Bernoulli numbers at neg-
ative integers. Diamond [35], obtained formulas which express the values of p-adic
L-function at positive integers in terms of the p-adic log gamma function. Next Fox
in [32], introduced the two-variable p-adic L-functions and T. Kim [21], constructed
the two-variable p-adic q-L-function, which is interpolation function of the general-
ized q-Bernoulli polynomials. P. T. Young [34], gave p-adic integral representations
for the two-variable p-adic L-function introduced by Fox. T. Kim and S.-H. Rim
[17], introduced twisted q-Euler numbers and polynomials associated with basic
twisted q-l-functions by using p-adic q-invariant integral on Zp in the fermionic
sense. Also, Jang et al. [33], investigated the p-adic analogue twisted q-l-function,
which interpolates generalized twisted q-Euler numbers attached to Dirichlet’s char-
acter. In this paper, we will construct a p-adic interpolation function of modified
Dirichlet’s type of twisted q-Euler polynomials with weight α.
Imagine that p be a fixed odd prime number. Throughout this paper Zp, Qp and
Cp will be denote the ring of p-adic rational integers, the field of p-adic rational
numbers, and the completion of algebraic closure of Qp, respectively. Let N be the
set of natural numbers and N∗ := N ∪ {0}. In this paper, we assume that α ∈ Q
and q ∈ Cp with |1− q|p < 1.
The p-adic absolute value |.|p, is normally defined by
|x|p =
1
pr
,
where x = pr s
t
with (p, s) = (p, t) = (s, t) = 1 and r ∈ Q.
As well-known definition, Euler polynomials are defined by
2
et + 1
ext =
∞∑
n=0
En (x)
tn
n!
= eE(x)t,
with the usual convention about replacing En (x) by En (x) (for more informa-
tion, see [8, 9, 14, 15, 16]).
A p-adic Banach space B is a Qp-vector space with a lattice B
0 (Zp-module)
separated and complete for p-adic topology, ie.,
B0 ≃ lim
←−−
n∈N
B0/pnB0.
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For all x ∈ B, there exists n ∈ Z, such that x ∈ pnB0. Define
vB (x) = sup
n∈N∪{+∞}
{
n : x ∈ pnB0
}
.
It satisfies the following properties:
vB (x+ y) ≥ min (vB (x) , vB (y)) ,
vB (βx) = vp (β) + vB (x) , if β ∈ Qp.
Then, ‖x‖B = p
−vB(x) defines a norm on B, such that B is complete for ‖.‖B
and B0 is the unit ball.
A measure on Zp with values in a p-adic Banach space B is a continuous linear
map
f 7→
∫
f (x)µ =
∫
Zp
f (x)µ (x)
from C0 (Zp,Cp), (continuous function on Zp) to B. We know that the set of
locally constant functions from Zp to Qp is dense in C
0 (Zp,Cp) so.
Explicitly, for all f ∈ C0 (Zp,Cp), the locally constant functions
fn =
pn−1∑
i=0
f (i) 1i+pnZp → f in C
0.
Now if µ ∈ D0 (Zp,Qp), set µ (i+ p
nZp) =
∫
Zp
1i+pnZpµ. Then
∫
Zp
fµ is given
by the following “Riemann sums”∫
Zp
fµ = lim
n→∞
pn−1∑
i=0
f (i)µ (i+ pnZp) .
T. Kim defined µ as follows:
µ−q (a+ p
nZp) =
(−q)
a
[pn]−q
,
so,
I−q (f)(1.1)
=
∫
Zp
f (x) dµ−q (x)
= lim
N→∞
1
[pN ]−q
pN−1∑
x=0
(−1)x f (x) qx, (for details, see [14],[15],[16]).
Where [x]q is a q-extension of x which is defined by
[x]q =
1− qx
1− q
,
note that limq→1 [x]q = x cf. [2-35].
If we take f1 (x) = f (x+ 1) in (1.1), then we easily see that
(1.2) qI−q (f1) + I−q (f) = [2]q f (0) .
By expression (1.2), we readily see that,
(1.3) (−1)
n−1
I−q (f) + q
nI−q (fn) = [2]q
n−1∑
l=0
(−1)
n−1−l
qlf (l) ,
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where fn(x) = f (x+ n).
Recently, Rim et al. [26] defined the modified weighted q-Euler numbers E(α)n,q
and the modified weighted q-Euler polynomials E(α)n,q (x) by using p-adic q-integral
on Zp in the form
E(α)n,q =
∫
Zp
q−ξ [ξ]
n
qα dµ−q (ξ) , for n ∈ N
∗ and α ∈ Z.
Let Cpn =
{
w | wp
n
= 1
}
be the Cylic group of order pn, and let
Tp = lim
n→∞
Cpn = Cp∞ = ∪
n≥0
Cpn ,
note that Tp is locally constant space (for details, see [17, 23, 24, 27-30, 33]).
In [23], let χ be a Dirichlet’s character with conductor d (= odd) ∈ N and w ∈ Tp.
If we take f(x) = χ (x)wxetx, then we have f(x + d) = χ (x)wxwdetxetd. From
(1.3), we see that
(1.4)
∫
X
χ (x)wxetxdµ−q (x) =
[2]q
∑d−1
i=0 (−1)
d−1−i
qiχ (i)wieti
qdwdetd + 1
.
In view of (1.4), it is considered by
(1.5)
F qw,χ(t) =
[2]q
∑d−1
i=0 (−1)
d−1−i
qiχ (i)wieti
qdwdetd + 1
=
∞∑
n=0
Eqn,χ,w
tn
n!
, |t+ log (qw)| <
π
d
.
Let us consider the modified twisted q-Euler polynomials with weight α as fol-
lows:
(1.6) E(α,w)n,q (x) =
∫
Zp
q−ξwξ [x+ ξ]
n
qα dµ−q (ξ) , for n ∈ N
∗.
By (1.6), and applying combinatorial techniques we have,
E(α,w)n,q (x) =
n∑
k=0
(
n
k
)
qα(n−k)xE
(α,w)
n−k,q [x]
k
qα(1.7)
=
n∑
k=0
(
n
k
)
qαkxE
(α,w)
k,q [x]
n−k
qα ,
where E(α,w)n,q (0) := E
(α,w)
n,q are called modified twisted q-Euler numbers with
weight α.
By (1.6), we get generating function of modified twisted q-Euler polynomials as
follows:
F (α) (t, x, q, w) =
∞∑
n=0
E(α,w)n,q (x)
tn
n!
(1.8)
= [2]q
∞∑
m=0
(−1)
m
wmet[x+m]qα .
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By using a complex contour integral representation and (1.8), we get modified
twisted Hurwitz-zeta function as follows:
ζ˜
(α,w)
q (s, x) =
1
Γ (s)
∫ ∞
0
F (α) (−t, x, q, w) ts−1dt(1.9)
= [2]q
∞∑
m=0
(−1)m wm
(
1
Γ (s)
∫ ∞
0
ts−1e−t[x+m]qα
)
= [2]q
∞∑
m=0
(−1)
m
wm
[m+ x]
s
qα
.
By (1.8) and (1.9), we now establish a relation betweenE(α,w)n,q (x) and ζ˜
(α,w)
q (s, x)
as follows:
(1.10) ζ˜
(α,w)
q (−n, x) = E
(α,w)
n,q (x) .
In this paper, we construct the generating function of modified Dirichlet’s type
twisted q-Euler polynomials with weight α in the p-adic case. Also, we give Witt’s
formula for this type polynomials. Moreover, we obtain a new p-adic q-Euler L-
function with weight α associated with Dirichlet’s character χ, as follows:
l(α,w)p,q (−n | χ) = E˜
(α,w)
n,χn
−
1
[p−1]
n
qαF
χn (p) E˜
∗(α,w)
n,χn
where n ∈ N∗.
2. Properties of Modified Dirichlet’s type of twisted q-Euler
numbers and polynomials
In this section, by using fermionic p-adic q-integral equations on Zp, some in-
teresting identities and relations of the modified Dirichlet’s type of twisted q-Euler
numbers and polynomials with weight α, are given.
Definition 1. Let χ be a Dirichlet’s character with conductor d (= odd) ∈ N. For
each n ∈ N∗ and w ∈ Tp. Modified Dirichlet’s type of twisted q-Euler polynomials
with weight α defined by means of the following generating function:
(2.1) F (α) (t, x, q, w | χ) =
∞∑
n=0
E˜(α,w)n,q (x | χ)
tn
n!
where
(2.2) F (α) (t, x, q, w | χ) = [2]q
∞∑
m=0
(−1)
m
wmχ (m) et[x+m]qα .
From (2.1) and (2.2) we obtain,
∞∑
n=0
E˜(α,w)n,q (x | χ)
tn
n!
=
∞∑
n=0
(
[2]q
∞∑
m=0
(−1)
m
wmχ (m) [x+m]
n
qα
)
tn
n!
.
Therefore, we state the following theorem:
Theorem 1. Let χ be a Dirichlet’s character with conductor d (= odd) ∈ N. For
each n ∈ N∗ and w ∈ Tp we have
(2.3) E˜(α,w)n,q (x | χ) = [2]q
∞∑
m=0
(−1)
m
wmχ (m) [x+m]
n
qα .
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By using (2.3), we can write
E˜(α,w)n,q (x | χ) = [2]q
∞∑
m=0
d−1∑
l=0
(−1)l+md wl+mdχ (l+md) [x+ l +md]nqα
=
[2]q
(1− qα)
n
d−1∑
l=0
(−1)l wlχ (l)
∞∑
m=0
(−1)m
(
wd
)m n∑
k=0
(
n
k
)
(−1)k qαk(x+l+md)
=
[2]q
(1− qα)
n
d−1∑
l=0
(−1)
l
wlχ (l)
n∑
k=0
(
n
k
)
(−1)
k
qαk(x+l)
∞∑
m=0
(−1)
m (
wd
)m (
qαkd
)m
=
[2]q
(1− qα)
n
d−1∑
l=0
(−1)
l
wlχ (l)
n∑
k=0
(
n
k
)
(−1)k qαk(x+l)
qαkdwd + 1
.
So, we obtain the following corollary:
Corollary 1. Let χ be a Dirichlet’s character with conductor d (= odd) ∈ N. For
each n ∈ N∗ and w ∈ Tp we have
E˜(α,w)n,q (x | χ) = [2]q
∞∑
m=0
(−1)
m
wmχ (m) [x+m]
n
qα
=
[2]q
[α]
n
q (1− q)
n
d−1∑
l=0
(−1)
l
wlχ (l)
n∑
k=0
(
n
k
)
(−1)
k
qαk(x+l)
qαkdwd + 1
.
By applying f(ξ) = q−ξχ (ξ)wξ [x+ ξ]
n
qα into (1.1),∫
Zp
q−ξχ (ξ)wξ [x+ ξ]
n
qα dµ−q (ξ)(2.4)
=
1
(1− qα)
n
n∑
k=0
(
n
k
)
(−1)
k
qαkx
∫
Zp
χ (ξ)wξqaξk−ξdµ−q (ξ) ,
where from (1.3), we easily see that
(2.5)
∫
Zp
χ (ξ)wξqξαk−ξdµ−q (ξ) =
[2]q
∑d−1
l=0 (−1)
l
qαklwlχ (l)
qαkdwd + 1
.
By using (2.4) and (2.5) we obtain∫
Zp
q−ξχ (ξ)wξ [x+ ξ]
n
qα dµ−q (ξ)
=
1
(1− qα)
n
n∑
l=0
(
n
k
)
(−1)
k
qαkx
[2]q
∑d−1
l=0 (−1)
l qαklwlχ (l)
qαkdwd + 1
= E˜(α,w)n,q (x | χ) .(2.6)
Last from equivalent, we obtain Witt’s type formula of modified Dirichlet’s type
of twisted q-Euler polynomials with weight α as follows:
Theorem 2. Let χ be a Dirichlet’s character with conductor d (= odd) ∈ N. For
each n ∈ N∗ and w ∈ Tp we obtain
(2.7) E˜(α,w)n,q (x | χ) =
∫
Zp
q−ξχ (ξ)wξ [x+ ξ]
n
qα dµ−q (ξ) .
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By (2.2), we obtain functional equation as follows:
F (α) (t, x, q, w | χ) = et[x]qαF (α) (qxt, q, w | χ) .
By using the definition of the generating function F (α) (t, x, q, w | χ) as follows:
∞∑
n=0
E˜(α,w)n,q (x | χ)
tn
n!
=
(
∞∑
n=0
[x]nqα
tn
n!
)(
∞∑
n=0
qnαxE˜(α,w)n,q (χ)
tn
n!
)
,
by the Cauchy product in the above equation, we have
∞∑
n=0
E˜(α,w)n,q (x | χ)
tn
n!
=
∞∑
n=0
(
n∑
l=0
(
n
l
)
qαlxE˜
(α,w)
l,q (χ) [x]
n−l
qα
)
tn
n!
,
Therefore, by comparing the coefficients of t
n
n! on the both sides of the above
equation, we can state following theorem:
Theorem 3. Let χ be a Dirichlet’s character with conductor d (= odd) ∈ N. For
each n ∈ N∗ and w ∈ Tp we have
(2.8) E˜(α,w)n,q (x | χ) =
n∑
l=0
(
n
l
)
qαxlE˜
(α,w)
l,q (χ) [x]
n−l
qα .
So, by using umbral calculus convention in equality (2.8), we get
(2.9) E˜(α,w)n,q (x | χ) =
(
qαxE˜(α,w)q (χ) + [x]qα
)n
,
where
(
E˜
(α,w)
q (χ)
)n
is replaced by E˜
(α,w)
n,q (χ).
From (1.3) we arrive at the following theorem:
Theorem 4. Let χ be a Dirichlet’s character with conductor d (= odd) ∈ N, w ∈ Tp
and m ∈ N∗ we get
wnE˜(α,w)m,q (n | χ) + (−1)
n−1
E˜(α,w)m,q (χ) = [2]q
n−1∑
l=0
(−1)
n−1−l
χ (l)wl [l]
m
qα .
So, from (1.3), and some combinatorial techniques we can write∫
Zp
q−ξχ (ξ)wξ [x+ ξ]
n
qα dµ−q (ξ) =
[d]
n
qα
[d]−q
d−1∑
a=0
(−1)
a
χ (a)wa
∫
Zp
q−dξwdξ
[
x+ a
d
+ ξ
]n
qdα
dµ(−q)d (ξ)
=
[d]
n
qα
[d]−q
d−1∑
a=0
(−1)
a
waχ (a)E
(α,wd)
n,qd
(
x+ a
d
)
.(2.10)
Therefore, by (2.10), we obtain the following theorem:
Theorem 5. Let χ be a Dirichlet’s character with conductor d (= odd) ∈ N, w ∈ Tp
and n ∈ N∗ we have
E˜(α,w)n,q (x | χ) =
[d]
n
qα
[d]−q
d−1∑
a=0
(−1)a waχ (a)E
(α,wd)
n,qd
(
x+ a
d
)
.
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3. Modified Dirichlet’s type of twisted q-Euler L-function with
weight α
In this section, our goal is to consider interpolation function of the generating
functions of modified Dirichlet’s type of twisted q-Euler polynomials with weight α.
For s ∈ C, w ∈ Tp and χ be a Dirichlet’s character with conductor d(= odd) ∈ N,
by applying the Mellin transformation in equation (2.2), we obtain
L˜
(α,w)
q (x, s | χ) =
1
Γ (s)
∮
ts−1F (α) (−t, x, q, w | χ) dt
= [2]q
∞∑
m=0
(−1)m wmχ (m)
(
1
Γ (s)
∫ ∞
0
ts−1e−t[m+x]qα dt
)
,
so, from above equality, we have
L˜
(α,w)
q (x, s | χ) = [2]q
∞∑
m=0
(−1)
m
χ (m)wm
[m+ x]
s
qα
.
Consequently, we are in position to define modified Dirichlet’s type of twisted
q-Euler L-function as follows:
Definition 2. Let χ be a Dirichlet’s character with conductor d (= odd) ∈ N and
w ∈ Tp we have
(3.1) L˜
(α,w)
q (x, s | χ) = [2]q
∞∑
m=0
(−1)m χ (m)wm
[m+ x]
s
qα
,
for all s ∈ C. We note that L˜
(α,w)
q (x, s | χ) is analytic function in the whole complex
s-plane.
By substituting s = −n into (3.1) we easily get
L˜
(α,w)
q (x,−n | χ) = E˜
(α,w)
n,q (x | χ) ,
which led to stating following theorem:
Theorem 6. Let χ be a Dirichlet’s character with conductor d (= odd) ∈ N, w ∈ Tp
and n ∈ N∗, we define
(3.2) L˜
(α,w)
q (x,−n | χ) = E˜
(α,w)
n,q (x | χ) .
L˜
(α,w)
q (1, s | χ) = L˜
(α,w)
q (s | χ) which is the modified Dirichlet’s type of twisted
q-Euler L-function with weight α. Now, by applying combinatorial techniques we
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can write,
L˜
(α,w)
q (s | χ) = [2]q
∞∑
m=1
(−1)
m
χ (m)wm
[m]sqα
= [2]q
∞∑
m=1
d−1∑
a=0
(−1)a+dm χ (a+ dm)wa+dm
[a+ dm]
s
qα
=
[2]q
[2]qd
[d]
−s
qα
d−1∑
a=0
(−1)
a
χ (a)wa
[
[2]qd
∞∑
m=1
(−1)
m (
wd
)m[(
a
d
+m
)]s
qdα
]
=
[2]q
[2]qd
[d]
−s
qα
d−1∑
a=0
(−1)
a
χ (a)waζ˜
(α,wd)
qd
(
s,
a
d
)
.(3.3)
So, by previous calculation we can state following theorem:
Theorem 7. Let χ be a Dirichlet’s character with conductor d (= odd) ∈ N and
w ∈ Tp we have
(3.4) L˜
(α,w)
q (s | χ) =
[2]q
[2]qd
[d]−sqα
d−1∑
a=0
(−1)a χ (a)waζ˜
(α,wd)
qd
(
s,
a
d
)
.
We now consider the partial-zeta function H˜
(α)
q (s, a, w | F ) as follows:
(3.5) H˜
(α)
q (s, a, w | F ) = [2]q
∑
m≡a(modF )
m>0
(−1)m wm
[m]
s
qα
.
If F ≡ 1 (mod2), then we have
H˜
(α)
q (s, a, w | F ) = [2]q
∑
m≡a(modF )
m>0
(−1)
m
wm
[m]
s
qα
= [2]q
∑
m>0
(−1)mF+a wmF+a
[mF + a]
s
qα
=
[2]q
[2]qF
(−1)
a
wa
[F ]sqα
[
[2]qF
∑
m>0
(−1)m
(
wF
)m[
m+ a
F
]s
qαF
]
=
[2]q
[2]qF
(−1)
a
wa
[F ]
s
qα
ζ˜
(α,wF )
qF
(
s,
a
F
)
(3.6)
By expressions (3.2) and (3.6) we get the following theorem:
Theorem 8. Let F ≡ 1 (mod 2), w ∈ Tp , q, s ∈ C, |q| < 1 and n ∈ N
∗ we have
(3.7) H˜
(α)
q (−n, a, w | F ) =
[2]q
[2]qF
(−1)
a
wa [F ]
n
qα E
(α,wF )
n,qF
( a
F
)
.
By expressions (3.4) and (3.7), we obtain the following corollary:
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Corollary 2. Let χ be a Dirichlet’s character with conductor d (= odd) ∈ N, w ∈ Tp
and F ≡ 1 (mod 2) we have
(3.8) L˜
(α,w)
q (s | χ) =
F−1∑
a=0
χ (a) H˜
(α)
q (s, a, w | F ) .
By (1.7) and (3.7), we modify the q-analogue of the partial zeta function with
weight α as follows:
(3.9) H˜
(α)
q (s, a, w | F ) =
[2]q
[2]qF
(−1)
a
wa [a]
−s
qα
∞∑
l=0
(
−s
l
)
qαal
(
[F ]qα
[a]qα
)l
E
(α,wF )
l,qF
.
Let f (=odd) and a be the positive integer with 0 ≤ a < F . Then, (3.8) reduces
to
(3.10)
L˜
(α,w)
q (s | χ) =
[2]q
[2]qF
F−1∑
a=0
χ (a) (−1)
a
wa [a]
−s
qα
∞∑
l=0
(
−s
l
)
qαal
(
[F ]qα
[a]qα
)l
E
(α,wF )
l,qF
.
By expression (3.10), we see that L˜
(α,w)
q (s | χ) is an analytic function s ∈ C,
with except s = 0. Furthermore, for each n ∈ Z, with n ≥ 0, we get
(3.11) L˜
(α,w)
q (−n | χ) = E˜
(α,w)
n,q (χ) .
By using (3.9), (3.10) and (3.11) we derive behavior of the modified Dirichlet’s
type of twisted q-Euler L-function with weight α at s = 0 as follows:
Theorem 9. The following likeable identity
L˜
(α,w)
q (0 | χ) =
1 + q
1 + wF
F−1∑
a=0
(−1)
a
χ (a)wa,
is true.
4. Modified p-Adic Twisted Interpolation q-l-Function with weight α
In this section, we construct modified p-adic twisted q-Euler l-function, which
interpolate modified Dirichlet’s type of twisted q-Euler polynomials at negative
integers. Firstly, Washington constructed p-adic l-function which interpolates gen-
eralized classical Bernoulli numbers.
Here, we use some the following notations, which will be useful in reminder of
paper.
Let ω denote the Kummer character by the conductor fω = p. For an arbitrary
character χ, we set χn = χω
−n, n ∈ Z, in the sense of product of characters.
Let
〈a〉 = ω−1 (a) a =
a
ω (a)
,
〈a〉q =
[a]q
ω (a)
.
Thus, we note that 〈a〉 ≡ 1 (mod pZp). Let
Aj (x) =
∞∑
n=0
an,jx
n, an,j ∈ Cp, j = 0, 1, 2, ...
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be a sequence of power series, each convergent on a fixed subset
T =
{
s ∈ Cp | |s|p < p
− 2−p
p−1
}
,
of Cp such that
(1) an,j → an,0 as j →∞ for any n;
(2) for each s ∈ T and ǫ > 0, there exists an n0 = n0 (s, ǫ) such that∣∣∣∣∣∣
∑
n≥n0
an,js
n
∣∣∣∣∣∣
p
< ǫ for ∀j.
So,
lim
j→∞
Aj (s) = A0 (s) , for all s ∈ T .
This was constructed byWashington [30] to indicate that each functions ω−s (a) as
and
∞∑
l=0
(
s
l
)(
F
a
)l
Bl,
where F is multiple of p and f and Bl is the l-th Bernoulli numbers, is analytic
on T (for more information, see [30]).
Assume that χ be a Dirichlet’s character with conductor f ∈ N with f ≡
1(mod2). Thus, we consider the modified Dirichlet’s type of twisted p-adic q-Euler
l-function with weight α, l
(α,w)
p,q (s | χ), which interpolate the modified Dirichlet’s
type of twisted q-Euler polynomials with weight α at negative integers.
For f ∈ N with f ≡ 1 (mod 2), let us assume that F is positive integral multiple
of p and f = fχ. We are now ready to give definition of l
(α,w)
p,q (s | χ) as follows:
(4.1) l(α,w)p,q (s | χ) =
F−1∑
a=0
χ (a) (−1)
a
wa 〈a〉
−s
qα
∞∑
l=0
(
−s
l
)
qαal
(
[F ]qα
[a]qα
)l
E
(α,wF )
l,qF
.
By (4.1), we note that l
(α,w)
p,q (s | χ) is analytic for s ∈ T .
For n ∈ N, we have
(4.2) E˜(α,w)n,χn = [F ]
n
qα
F−1∑
a=0
(−1)a χn (a)E
(α,w)
n,q
( a
F
)
.
If χn (p) 6= 0, then
(
p, fχn
)
= 1, and thus the ratio F
p
is a multiple of fχn .
Let
λ =
{
a
p
| a ≡ 0 (mod p) for ai ∈ Z with 0 ≤ ai < F
}
.
Thus, we have
[F ]
n
qα
F−1∑
a=0
p|a
(−1)
a
χn (a)E
(α,w)
n,q
( a
F
)
(4.3)
=
1
[p−1]nqαF
[
F
p
]n
qα
χn (p)
F
p∑
a=0
η∈λ
(−1)
η
χn (η)E
(α,w)
n,q
(
η
F/p
)
.
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By (4.3), we can define the second modified twisted generalized Euler numbers
attached to χ as follows:
(4.4) E˜∗(α,w)n,χn =
[
F
p
]n
qα
F
p∑
a=0
η∈λ
(−1)
η
χn (η)E
(α,w)
n,q
(
η
F/p
)
.
By (4.2), (4.3) and (4.4), we readily get that
E˜(α,w)n,χn −
1
[p−1]
n
qαF
χn (p) E˜
∗(α,w)
n,χn
= [F ]nqα
F−1∑
a=0
p.a
(−1)a χn (a)E
(α,w)
n,q
( a
F
)
(4.5)
By (4.1) and (1.8), we readily see that
l(α,w)p,q (−n | χ)
= [F ]
n
qα
F−1∑
a=0
p.a
(−1)
a
χn (a)E
(α,w)
n,q
( a
F
)
= E˜(α,w)n,χn −
1
[p−1]
n
qαF
χn (p) E˜
∗(α,w)
n,χn
.
Consequently, we state the following Theorem:
Theorem 10. Let n ∈ N, the following equalities
l(α,w)p,q (s | χ) =
F∑
a=1
χ (a) (−1)
a
wa 〈a〉
−s
qα
∞∑
l=0
(
−s
l
)
qαal
(
[F ]qα
[a]qα
)l
E
(α,wF )
l,qF
,
and
l(α,w)p,q (−n | χ) = E˜
(α,w)
n,χn
−
1
[p−1]
n
qαF
χn (p) E˜
∗(α,w)
n,χn
,
are true.
References
[1] Hensel, K., Theorie der Algebraischen Zahlen I. Teubner, Leipzig, 1908.
[2] Carlitz, L., q-Bernoulli and Eulerian numbers, Trans. Amer. Math. Soc. 76 (1954), 332-370.
[3] Araci, S., Erdal, D., and Seo, J-J., A study on the fermionic p-adic q-integral representation on
Zp associated with weighted q-Bernstein and q-Genocchi polynomials, Abstract and Applied
Analysis, Volume 2011, Article ID 649248, 10 pages.
[4] Araci, S., Seo, J-J., and Erdal, D., New Construction weighted (h, q)-Genocchi numbers
and Polynomials Related to Zeta Type Functions, Discrete Dynamics in Nature and Society,
Volume 2011, Article ID 487490, 7 pages.
[5] Araci, S., Acikgoz, M., Qi, Feng., and Jolany, H., A note on the modified q-Genocchi numbers
and polynomials with weight (α,β) and Their Interpolation function at negative integers,
http://arxiv.org/abs/1112.5902.
[6] Araci, S., and Acikgoz, M., A note on the values of the weighted q-Bernstein Polynomials
and Modified q-Genocchi Numbers with weight alpha and beta via the p-adic q-integral on
Zp, submitted.
[7] Kim, T., A New Approach to q-Zeta Function, Adv. Stud. Contemp. Math. 11 (2) 157-162.
[8] Kim, T., On the q-extension of Euler and Genocchi numbers, J. Math. Anal. Appl. 326 (2007)
1458-1465.
MODIFIED TWISTED DIRICHLET’S TYPE q-EULER NUMBERS AND POLYNOMIALS 13
[9] Kim, T., On the multiple q-Genocchi and Euler numbers, Russian J. Math. Phys. 15 (4)
(2008) 481-486. arXiv:0801.0978v1 [math.NT]
[10] Kim, T., On the weighted q-Bernoulli numbers and polynomials, Advanced Studies in Con-
temporary Mathematics 21(2011), no.2, p. 207-215, http://arxiv.org/abs/1011.5305.
[11] Kim, T., A Note on the q-Genocchi Numbers and Polynomials, Journal of Inequalities and
Applications 2007 (2007) doi:10.1155/2007/71452. Article ID 71452, 8 pages.
[12] Kim, T., q-Volkenborn integration, Russ. J. Math. phys. 9(2002), 288-299.
[13] Kim, T., An invariant p-adic q-integrals on Zp, Applied Mathematics Letters, vol. 21, pp.
105-108, 2008.
[14] Kim, T., q-Euler numbers and polynomials associated with p-adic q-integrals, J. Nonlinear
Math. Phys., 14 (2007), no. 1, 15–27.
[15] Kim, T., New approach to q-Euler polynomials of higher order, Russ. J. Math. Phys., 17
(2010), no. 2, 218–225.
[16] Kim, T., Some identities on the q-Euler polynomials of higher order and q-Stirling numbers
by the fermionic p-adic integral on Zp, Russ. J. Math. Phys., 16 (2009), no.4, 484–491.
[17] Kim, T., and Rim, S.-H., On the twisted q-Euler numbers and polynomials associated with
basic q-l-functions, Journal of Mathematical Analysis and Applications, vol. 336, no. 1, pp.
738–744, 2007.
[18] Kim, T., On p-adic q-l-functions and sums of powers, J. Math. Anal. Appl. (2006),
doi:10.1016/j.jmaa.2006.07.071.
[19] Kim, T., A note on p-adic invariant integral in the rings of p-adic integers, Adv. Stud.
Contemp. Math. (Kyungshang) 13(1) (2006), 95–99.
[20] Kim, T., Cho, J-S., A note on multiple Dirichlet’s q-L-function, Adv. Stud. Contemp. Math.
(Kyungshang) 11(1) (2005), 57–60.
[21] T. Kim, Power series and asymptotic series associated with the q-analogue of two-variable
p-adic L-function, Russian J. Math Phys. 12 (2) (2005), 186-196.
[22] Kim, T., On p-adic interpolating function for q-Euler numbers and its derivatives, J. Math.
Anal. Appl. 339(1) (2008), 598-608.
[23] Park, Kyoung Ho., On Interpolation Functions of the Generalized Twisted (h, q)-Euler Poly-
nomials, Journal of Inequalities and Applications., Volume 2009, Article ID 946569, 17 pages
[24] Jang, L-C., On a q-analogue of the p-adic generalized twisted L-functions and p-adic q-
integrals, Journal of the Korean Mathematical Society, vol. 44, no. 1, pp. 1–10, 2007.
[25] Ryoo, C-S., A note on the weighted q-Euler numbers and polynomials, Advan. Stud. Contemp.
Math. 21(2011), 47-54.
[26] Rim, S-H., and Jeong, J., A note on the modified q-Euler numbers and Polynomials with
weight α, International Mathematical Forum, Vol. 6, 2011, no. 65, 3245-3250.
[27] Simsek, Y., Theorems on twisted L-function and twisted Bernoulli numbers, Advan. Stud.
Contemp. Math., 11(2005), 205-218.
[28] Simsek, Y., Twisted (h, q)-Bernoulli numbers and polynomials related to twisted (h, q)−zeta
function and L-function, J. Math. Anal. Appl., 324(2006), 790-804.
[29] Simsek, Y., On p-Adic Twisted q-L-Functions Related to Generalized Twisted Bernoulli
Numbers, Russian J. Math. Phys., 13(3)(2006), 340-348.
[30] Washington, L-C., Introduction to cyclotomic fields, Second edition, Springer-Verlag, 1997.
[31] Tsumura, H., On a p-adic interpolation of the generalized Euler numbers and it applications,
Tokyo J. Math. 10 (2) (1987) 281-293.
[32] G. J. Fox, A method of Washington applied to the derivation of a two-variable p-adic L-
function, Pacific J. Math. 209 (2003), 31-40.
[33] L. J. Jang, V. Kurt, S.-H. Rim, Y. Simsek, q-analogue of the p-adic twisted l-function, J.
Concrete Appl. Math. 6 (2) (2008) 169–176.
[34] P. T. Young, On the behavior of some two-variable p-adic L-function, J. Number Theory, 98
(2003), 67-86.
[35] Diamond, J., On the values of p-adic L-functions at positive integers, Acta Arith. 35 (1979),
223-237.
14 SERKAN ARACI, MEHMET ACIKGOZ, AND HASSAN JOLANY
University of Gaziantep, Faculty of Science and Arts, Department of Mathematics,
27310 Gaziantep, TURKEY
E-mail address: mtsrkn@hotmail.com
University of Gaziantep, Faculty of Science and Arts, Department of Mathematics,
27310 Gaziantep, TURKEY
E-mail address: acikgoz@gantep.edu.tr
School of Mathematics, Statistics and Computer Science, University of Tehran, Iran
E-mail address: hassan.jolany@khayam.ut.ac.ir
